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Fluctuation properties of an effective nonlinear system subject to Poisson noise
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We study the work fluctuations of a particle, confined to a moving harmonic potential, under
the influence of friction and external Poissonian shot noise. The asymmetry of the noise induces
an effective nonlinearity in the potential, which in turn leads to singular features in the work
distribution. On the basis of an analytic solution we find that the conventional fluctuation theorem
is violated in this model, even though the distribution exhibits a large deviation form. Furthermore,
we demonstrate that the interplay of the various time scales leads to critical behaviors, such as a
negative fluctuation function and a divergence in the work distribution at the singularity. In a certain
parameter regime large negative work fluctuations are more likely to occur than the corresponding
positive ones, though the average work is always positive, in agreement with the second law.
PACS numbers: 05.40.-a, 05.70.Ln, 02.50.-r
Fluctuation theorems play a prominent role in the
study of nonequilibrium fluctuations and have been de-
rived for a variety of different systems and thermostat-
ting mechanisms [1, 2, 3, 4]. In a nonequilibrium steady
state, which represents the next simplest generalization
of equilibrium, the so-called conventional fluctuation the-
orem states that the probability distribution Π(aτ ) of
finding a particular value of a thermodynamic quantity
aτ (usually work or heat) over time τ satisfies a certain
symmetry relation, which, for stochastic systems, can be
formulated as [3, 4]
Π(aτ )
Π(−aτ )
∼= eβaτ , (1)
where ∼= indicates the behavior for large τ . Eq. (1)
is a refinement of the second law, in that it quantifies
the probability of observing temporary second law viola-
tions (negative aτ ) in the steady state. The validity of
Eq. (1) is commonly related to the existence of a large
deviation form of the probability distribution [4, 5]. In
the present letter we further investigate the relationship
between large deviations and the fluctuation theorem.
We show, by explicitly calculating the work distribution
in an effectively non-linear Markovian Langevin model,
that the conventional fluctuation can be violated even
though the distribution admits a large deviation form.
Our model exhibits a range of other striking properties
such as singularities and critical behavior. These fea-
tures are all explained on the basis of the time scales in
the model, as we discuss in detail in the following
We consider an overdamped particle under the influ-
ence of a time-dependent force as well as friction and
external noise. The basic equation of motion for the po-
sition x(t) of the particle in the laboratory frame reads
αx˙(t) = −κ(x(t)− vt) + ξ(t). (2)
Here, the force −κ(x(t)− vt) stems from a parabolic po-
tential U(x, t) = κ(x−vt)2/2 which moves with constant
velocity v, where either v > 0 or v < 0. The parameter
κ denotes the strength of the potential, α the friction co-
efficient, and ξ(t) stochastic noise from the environment.
Similar models, where ξ(t) is given by thermal Gaussian
and external Le´vy noise respectively have been investi-
gated in [6, 7]. If we move the potential for a time pe-
riod τ , a certain amount of work is done on the particle,
namely
Wτ = −κv
∫ τ
0
(x(t) − vt)dt. (3)
In the following we are interested in the properties of the
steady state work fluctuations in the model Eq. (2), when
the noise ξ(t) is given by a sequence of stochastic kicks
of variable frequency λ and amplitude Γ. More precisely,
we consider Poissonian shot noise of the form [8]
z(t) =
nt∑
k=1
Γkδ(t− tk), (4)
where nt, the number of kicks in time t, is determined
by the Poisson counting process P (nt) = (λt)
ne−λt/n!.
The parameter λ denotes the average number of kicks
per unit time (rate of kicks) so that there are λt kicks
occurring in the time interval [0, t]. When a kick occurs,
the amplitude Γk is sampled randomly from a distribu-
tion p(Γ). In the following we focus on one-sided shot
noise and assume an exponential distribution of ampli-
tudes p(Γ) = Γ−10 e
−Γ/Γ0 . Noise specified according to
Eq. (4) is characterized by delta-correlated cumulants
and mean 〈z(t)〉 = λΓ0 [9]. It is convenient to use a
noise with a zero mean so that we consider in Eq. (2)
ξ(t) = z(t)− λΓ0. (5)
Using this form of the noise and changing to coordi-
nates in a comoving frame, y(t) ≡ x(t)− vt, the equation
of motion (2) reads
y˙(t) = − 1
τr
y(t)−
(
v +
λΓ0
α
)
+
1
α
z(t), (6)
2and the work Eq. (3) is given as
Wτ = −κv
∫ τ
0
y(t)dt. (7)
In Eq. (6) τr ≡ α/κ denotes the characteristic relaxation
time of the oscillator. It is crucial that Poissonian shot
noise gives rise to two additional time scales in our model,
namely the characteristic time scale of the fluctuations
τλ ≡ λ−1, which is the mean waiting time between two
successive kicks, and the time scale
τp ≡ Γ0
α|v| , (8)
which relates the mean amplitude of fluctuations and the
friction due to the driving. We will see below that the
three time scales τr, τλ, and τp determine the properties
of the work fluctuations in our model, and that critical
behavior appears due to the interplay of these times.
From the Langevin equation (6) we can infer two im-
portant properties of the model. Firstly, upon averaging
of Eq. (6) we obtain the mean position in the steady
state 〈y(t)〉 = −vτr and from Eq. (7) the mean work
〈Wτ 〉 = αv2τ , which is always positive in agreement with
the second law. Secondly, we find that there exists a
minimal value y∗ of the position coordinate. This can
be seen if we solve Eq. (6) without the stochastic term
z(t), which yields y∗ ≡ −(v + λΓ0/α)τr in the long time
limit. The important observation is that the influence of
the noise only provides kicks in the positive direction (cf.
Eq. (4)) so that y∗ is a cut-off, i.e., no positions below
y∗ can be reached. Since the work rate is proportional to
the position, we likewise obtain from Eq. (7) an extremal
value of the work, namely
W ∗τ = 〈Wτ 〉 (1± λτp), (9)
where the + sign corresponds to v > 0 and the − sign to
v < 0. It is important to note that the spatial asymme-
try of the noise induces a qualitative different behavior
of the work fluctuations depending on the sign of v. In
the case v > 0 the value of W ∗τ is always positive and
corresponds to the maximum work done on the system
in time τ . For v < 0 on the other hand, W ∗τ is the mini-
mum work value. In that case W ∗τ can be either positive
or negative (cf. Eq. (7)). Its sign is determined by the
two time scales τλ and τp. From Eq. (9) we see that W
∗
τ
is positive if τλ > τp and no negative work fluctuations
can occur. Furthermore, W ∗τ = 0 if τp = τλ and W
∗
τ < 0
if τλ < τp. The position cut-off y
∗ represents an infinite
barrier in the potential so that the noise induces an ef-
fective non-linearity in the potential. A work cut-off can
also be observed in a Brownian particle model, where the
moving potential is given as a non-linear potential of the
Lennard-Jones-type [11]. Furthermore, due to these cut-
offs, the distributions of position and work are generally
non-Gaussian unless one considers the Gaussian limit of
the Poissonian shot noise: λ → ∞ and Γ0 → 0 with
λΓ20 = const. In this limit y
∗ → −∞ and W ∗τ → ±∞.
In order to determine the work distribution for arbi-
trary λ and Γ values we first derive an exact expression
for the characteristic function of the work using a theo-
rem on generalized Ornstein-Uhlenbeck processes [7, 10].
This theorem states that the characteristic functional of
the process y(t) of Eq. (6), defined as
Gy [h(t)] =
〈
exp
{
i
∫
∞
0
h(t)y(t)dt
}〉
, (10)
is determined from the noise functional via
Gy[h(t)] = e
iy0k0Gξ′ [k(t)], (11)
where Gξ′ denotes the characteristic functional of the
noise plus the drift terms in Eq. (6): ξ′(t) ≡ ξ(t)/α − v.
Furthermore, the functions k0 and k(t) are related to the
test function h(t) according to k(t) =
∫
∞
τ h(s)e
(t−s)/τrds
and k0 =
∫
∞
0
h(s)e−s/τrds [10]. It is then important to
note that choosing the particular test function h¯(t) =
−qκvΘ(τ − t) in Eq. (10) leads to
Gy[h¯(t)] =
〈
exp
{
−iqκv
∫ τ
0
y(t)dt
}〉
= GWτ (q), (12)
i.e., the characteristic functional for h¯ reduces to the
characteristic function of the workGWτ (q) ≡
〈
eiqWτ
〉
due
to Eq. (7) [7]. In our case the noise functional Gξ′ [k(t)]
is given by
Gξ′ [k(t)] = e
−i(v+λΓ0/α)
∫
∞
0
k(t)dt
Gz[k(t)/α], (13)
where Gz denotes the characteristic functional of the
Poissonian shot noise z(t) whose exact analytical expres-
sion is known [8]:
Gz [k(t)] = exp
{
λ
∫
∞
0
(〈
eiΓk(t)
〉
Γ
− 1
)
dt
}
. (14)
Using this noise functional together with the functions
k0 and k(t) obtained with h¯(t) yields, after some manip-
ulation, the characteristic work function
GWτ ∝
(
1 + iqΓ0v(1 − e−τ/τr)
)λτr( 11+iqΓ0v−1)
exp
{
−iqαvy∗ τ
τr
+ λτ
(
1
1 + iqΓ0v
− 1
)}
,
(15)
with a pole at q = i/(Γ0αv). In the derivation of Eq. (15)
we have made use of the exponential distribution of am-
plitudes Γ and furthermore chosen an initial condition y0
sampled from the nonequilibrium steady state distribu-
tion, which can be found by solving the Fokker-Planck
equation associated with the Langevin equation (6) [9].
3For our discussion of the work fluctuations we intro-
duce the scaled dimensionless work value p, defined by
p ≡ Wτ/ 〈Wτ 〉. The distribution of p is obtained from
the inverse Fourier-transform of GWτ
Πτ (p) = N
αv2τ
2pi
∫
∞
−∞
GWτ (q)e
−iqpαv2τdq, (16)
where N denotes the normalization constant. To our
knowledge there is no exact result for the inverse Fourier
transform Eq. (16). However, for large τ the integral will
be dominated by its saddle-point and can then be analyt-
ically obtained using the method of steepest descent [12].
Neglecting terms of order τ−1/2 then yields the following
result for the distribution Πτ (p):
Πτ (p) ∼= N√
4pi
√
τ/τλ
|p∗ − 1|
(√
p∗ − p
p∗ − 1
)− τr
τλ
(√
p∗−p
p∗−1
−1
)
−
3
2
× exp
{
− τ
τλ
(√
p∗ − p
p∗ − 1 − 1
)2}
, (17)
where p∗ denotes the rescaled extremal value of work:
p∗ ≡ W ∗τ / 〈Wτ 〉 = 1 ± τp/τλ (cf. Eq. (9)). Here, as well
as in the rest of this letter, we have expressed λ as τ−1λ
in order to emphasize the crucial role of the time scales.
Eq. (17) shows that the distribution Πτ (p) is completely
specified by the times τr, τλ, τp, and τ . Importantly,
the square root
√
(p∗ − p)/(p∗ − 1) is always real, since
both p∗ − p and p∗ − 1 are either positive (v > 0) or
negative (v < 0). For |p∗ − p| ≫ 0 the tail decays faster
than exponential but becomes exponential for very large
τ , where Πτ (p) exhibits the large deviation form
Πτ (p) ∼= e−τI(p) (18)
with rate function
I(p) ≡ 1
τλ
(√
p∗ − p
p∗ − 1 − 1
)2
. (19)
Furthermore, one notices two different singularities ap-
pearing in Eq. (17). Firstly, the derivative of Πτ (p) di-
verges for p→ p∗ as Π′(p) ∝ |p∗ − p|−1 in leading order.
This means that the approach of Πτ (p) to the cut-off has
a vertical slope (see inset Fig. 1). Secondly, one notices
that Πτ (p) itself diverges for p→ p∗ if τr/τλ < 3/2. This
divergence for small τr/τλ at p = p
∗ can be understood by
considering the nature of the work and position cut-offs
in our model. If τr/τλ is too small the system relaxes ‘too
quickly’ in between the stochastic kicks and thus spends
most of its time at the position that it would assume
without noise, i.e., at y∗. Consequently, the particle will
predominantly acquire work W ∗τ over time τ leading to a
divergence in the work distribution at p = p∗ (see inset
Fig. 1). The condition τr/τλ < 3/2 can also be expressed
in terms of a critical friction coefficient α∗ = 32κτλ, so
that the divergence of Πτ (p) appears when α < α
∗.
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FIG. 1: Comparison of the analytic saddle-point approxima-
tion Eq. (17) with a numerical inverse Fourier transform of
GWτ and results from a direct simulation of the equation of
motion (6). Parameter values: τ = 10τr, τr = 1, v = 1,
τλ = 0.2, Γ0 = 0.5. Inset: The approach to the cut-off given
by Eq. (17). For τr/τλ > 3/2 the distribution goes to zero
(black line), while it diverges when τr/τλ < 3/2 (blue line).
Parameter values: τ = 10, τr = 1, τp = 1.
We find that Eq. (17) yields an excellent approximation
of the distribution Πτ (p) at least for τ ≥ 10τr. This
becomes evident in Fig. 1, where we compare Eq. (17)
with a numerical inverse Fourier transform of GWτ and
also with results from a direct simulation of the equation
of motion (6) using a Poissonian increment method [13].
In the asymptotic regime τ → ∞ the work distribu-
tion Eq. (17) is dominated by the large deviation form
Eq. (18). In order to further discuss the fluctuation prop-
erties of work we consider the fluctuation function
fτ (p) ≡ 1〈Wτ 〉 ln
Πτ (p)
Πτ (−p) . (20)
The conventional fluctuation theorem then predicts that
limτ→∞ fτ (p) = p. From Eq. (18) we obtain instead
lim
τ→∞
fτ (p)
=
2p
vΓ0
+
2(p∗ − 1)
vΓ0
(√
p∗ − p
p∗ − 1 −
√
p∗ + p
p∗ − 1
)
, (21)
defined on the interval [−p∗, p∗]. This restriction on the
range of p-values is similar to deterministic Anosov sys-
tems, where the phase-space is bounded [2]. We see that
the conventional fluctuation theorem is violated in our
model, even though we have identified a large deviation
form of the distribution. We characterize the behavior of
the work fluctuations for v > 0 and v < 0 separately.
(i) For v > 0 we find that Eq. (21) has the zeros p1 = 0
and p2 = 2
√
p∗ − 1 (due to the symmetry of fτ (p) we ne-
glect the negative root). The zero p2 becomes significant
when p∗ > 2, because then p∗ > p2 and p can assume
values in the interval [p2, p
∗]. The crucial observation is
that limτ→∞ fτ (p) from Eq. (21) becomes negative for
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FIG. 2: The fluctuation function g(p). At the cut-off g′(p)
diverges while g(p) assumes a finite value. a) v > 0 and four
different p∗ values. For p∗ > 2 we observe that g(p) becomes
negative in the interval p ∈ [p0, p
∗]. b) v < 0 and four different
p∗ values. Here, g(p) only has a zero at p = 0.
p ∈ [p2, p∗], if p∗ > 2. This is evident in Fig. 2a), where
we plot the dimensionless rescaled fluctuation function
g(p) ≡ limτ→∞ |v|Γ0fτ (p), which depends only on p∗.
There exists therefore a parameter regime in which neg-
ative fluctuations of a certain magnitude are more likely
to occur than corresponding positive ones. In fact, since
p∗ = 1 + τp/τλ we find that p
∗ > 2 if τp > τλ. Using the
definition of τp, Eq. (8), we can identify a corresponding
critical velocity v∗ ≡ Γ0/(ατλ) so that for 0 < v < v∗ the
fluctuation function is negative.
This surprising property originates from the strongly
asymmetric tails of the work distribution Πτ (p): The
negative tail decays exponentially while the positive tail
is bounded by the cut-off at p∗. It is important to note
that despite the existence of a negative regime of the
fluctuation function fτ (p), the second law is never vi-
olated: the mean value of the work is always positive,
〈Wτ 〉 = αv2τ . For p → p∗ the derivative g′(p) diverges
like (p∗− p)−1/2, while g(p) remains finite (see Fig. 2a)).
(ii) For v < 0 we have to distinguish two regimes.
Firstly, for τλ > τp no negative work fluctuations can
occur (cf. Eq. (9)) and therefore the fluctuation function
fτ (p) can not be defined in this parameter regime. Sec-
ondly, for τλ < τp we have p
∗ < 0 and we can discuss
g(p) in the interval [0,−p∗]. In this case g(p) is only zero
at p = 0. As in case (i), the derivative g′(p) diverges for
p→ p∗ while g(p) remains finite (see Fig. 2b).
We note that our theory could be adapted to an ex-
periment similar to that of Mahadevan et al [14], where
a lubricated rod of a hydrogel sliding on a soft vibrat-
ing substrate is considered as a model for biomimetic
ratcheting motion. Instead of the purely oscillatory vi-
brations of [14] one could induce asymmetric Poissonian
shot noise, which could lead to work fluctuations with
similar features as those presented in this letter.
In summary, we have investigated the work fluctua-
tions of a particle, confined to a moving harmonic po-
tential, under the influence of friction and Poissonian
shot noise. The one-sidedness of the fluctuations leads
to a cut-off in the work distribution, which is therefore
strongly non-Gaussian. We have shown that the work
distribution exhibits a large deviation form but that,
nevertheless, the conventional fluctuation theorem is vi-
olated.
The authors thank Dr. Hugo Touchette for stimu-
lating discussions. They also gratefully acknowledge fi-
nancial support of the National Science Foundation un-
der award PHY-0501315 and of the EPSRC, grant no.
GR/T24593/01.
[1] D. J. Evans, E. G. D. Cohen, and G. P. Morriss, Phys.
Rev. Lett. 71, 2401 (1993).
[2] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74,
2694 (1995). G. Gallavotti, Math. Phys. Electron. J. 1,
12 (1995).
[3] J. Kurchan, J. Phys. A 31, 3719 (1998).
[4] J. L. Lebowitz and H. Spohn, J. Stat. Phys. 95, 333
(1999).
[5] B. Derrida, J. Stat. Mech.: Theory Exp. P07023 (2007).
H. Touchette, arXiv:0804.0327v1 (2008).
[6] R. Van Zon and E. G. D. Cohen, Phys. Rev. E 69, 56121
(2004), and references therein.
[7] H. Touchette and E. G. D. Cohen, Phys. Rev. E 76,
020101(R) (2007).
[8] R. P. Feynman and A. R. Hibbs, Quantum Mechanics
and Path Integrals
[9] M. A. Rodriguez, L. Pesquera, M. S. Miguel, and J. M.
Sancho, J. Stat. Phys. 40, 669 (1985).
[10] M. O. Ca´ceres and A. A. Budini, J. Phys. A 30, 8427
(1997).
[11] M. I. Dykman, A. Baule, and E. G. D. Cohen (unpub-
lished).
[12] H. Jeffreys and B. S. Jeffreys, Methods of Mathematical
Physics (Cambridge University Press, Cambridge, 1956).
[13] C. Kim, E. K. Lee, P. Ha¨nggi, and P. Talkner, Phys. Rev.
E 76, 011109 (2007).
[14] L. Mahadevan, S. Daniel, and M. K. Chaudhury, Proc.
Nat. Acad. Sci. 101, 23 (2003).
